Abstract. In this paper we discuss the weak convergence of the sequence of successive approximations for a generalized para-nonexpansive mapping in a reflexive Banach space that satisfies Opial's condition.
Introduction
Let (X,d) be a metric space and T : X -• X. Then (2) T is called para-nonexpansive (see [8] ) if d(Tx, Ty) < max y) X for all x,y e X with x^y. I d{x, y) J Now we introduce the following notion of a generalized para-nonexpansive mapping.
T is called a generalized para-nonexpansive mapping if there exist real numbers v € (0,1) with /z + v = 1 such that
for all x, y € X with x ^ y. REMARK 1. We shall first discuss the following connection between the above classes of mappings.
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A. K. Kalinde, S. N. Mishra, S. L. Singh (ii) A mapping T may be para-nonexpansive without being nonexpansive. The following example given in [8] justifies the above remark. Let R denote the real number system with the usual metric on it. Define T : R -• R by
• Uif* = l Then T is para-nonexpansive but not nonexpansive as T is discontinuous.
(iii) Let X = {1,2,3,4,5} be equipped with the metric d defined by:
Now define T : X X by T1 = T4 = 1, T2 = T3 = 4 and T5 = 2. Then T is a generalized para-nonexpansive mapping for // = ^ = i/. However, for x = 3 and y -5, T is not para-nonexpansive (and hence not nonexpansive).
In case X is a normed linear space (X, ||||), we have d(x,y) = ||x -y|| for all x, y £ X. DEFINITION . A normed linear space X is said to satisfy Opial's condition if for any sequence {x n } in X that converges to XQ weakly, we have lim n inf \\x n -x|| > lim n inf \\x n -xo|| for all x G X, x ^ XQ.
Normed linear spaces satisfying Opial's condition include Hilbert spaces and (? spaces, 1 < p < oo . Every strictly convex reflexive Banach space having a weakly continuous duality mapping satisfies Opial's condition. However, there are nonreflexive Banach spaces that satisfy Opial's condition. For details we refer to [3] [4] [5] [6] [7] .
Results
In this section we study the weak convergence of the sequence of successive approximations of a generalized para-nonexpansive mapping. The results obtained here in generalize certain theorems of Opial [7] and Yadav and Jaggi [8] among others.
Throughout, F(T) will denote the set of fixed points of a mapping T, while L(xo) will denote the set of weak limits of the sequence of iterates {T n xo} of T, where xo € X is arbitrary.
LEMMA. Let X be a strictly convex Banach space, K a closed convex subset of X, and T : K -> K a generalized para-nonexpansive mapping such that F(T) 4>. Then F(T) is closed and convex.
Proof. Let p be any limit point of F(T) and let {p n } be any sequence of distinct points in F(T) that converges to p. We shall show that p € F(T).
Indeed, by (3) we have
\\p n -Tp\\ = \\Tpn -Tp\\ < max {0, /x \\p n -Tp\\ + v\\p-Tp n \\, \\p n -p||} and hence by passing over to limit as n -> oo, we get ||p -Tp\\ = lim IIp n -Tp\\ = lim \\Tp n -Tp\\ n n < max {0, ii ||p -Tp||, 0} -n\\p -Tp\\.
Since 0 < /i < 1, the above inequality implies that ||p -Tp\\ = 0 and hence p G F(T). Therefore F{T) is closed.
To prove that F(T) is convex, let x, y be distinct elements of F(T) and let a, ¡5 > 0 be scalars with a + (3 = 1. Set z -ax + fly-The case that a (resp., P)= 0 is trivial. So, let a, (3 > 0 with a + (3 = 1. then If the maximum is (3 ||x -y||, then ||x -Tz\\ < (3\\x -y\\.
If the maximum is ¡jl ||x -Tz\\ + 1/(3 ||x -then (l-/x) ||x -Tz\\ < v(3 ||x -y\\ from which we deduce that \\x-Tz\\<0\\x-y\\.
Hence in either case we have
Similarly, it can be easily verified that Moreover, the triangle inequality ||x -y|| < ||x -Tz\\ + \\Tz -y|| combined with (2.1) yields If \\x -Tz|| + ||x -z\\, or ||j / -Tz\\ ± ||y -z||, then \\x-Tz\\ + \\y-Tz\\ < ||x -z\\ + \\z -y||, a contradiction to (2.4). Hence we have ||x -Tz|| = ||x -z||, ||y -Tz\\ = ||y -z||. Therefore from (2.5) we obtain
a\\x-y\\ = \\Tz-y\\, (3 ||x -y\\ = \\Tz -y\\.
Therefore, = jj^^jj. Since ^ > 0, by assumption, and X is strictly convex, it follows that ^(x -Tz) = Tz -y, from which we deduce that Tz = (a + 0)Tz = aTz + /3Tz = ax + ¡3y = z.
Hence z G F(T) and F(T) is convex. • THEOREM. Let K be a closed convex subset of a strictly convex reflexive Banach space X that satisfies Opial's condition, and let T : K K be a generalized para-nonexpansive mapping such that F(T) ^ <j). If for any xo G K, L(xo) C F(T), then the sequence {T n xo} converges weakly to a point in F(T).

Proof. Since L(xo) C F(T), we may assume that T k xo € F(T) for some k G N and the conclusion follows. So assume that T k x0 £ F(T) for any k eN. Then for any y G F(T) and for any n E N, we have by (3) that
||T n+1 xo -y|| = ||r(T"xo) -Ty|| < max {0,m ||T n x0 -y\\ + u ||y -T n+1 a;o||, ||T"x 0 -y\\}.
If the maximum is ||T n :ro -y||, then clearly we have (2.7) ||r" +1 xo-y||<||r"xo-2/||.
If the maximum is p ||T n x 0 -y\\ + v ||y -T n+1 x 0 ||, then
from which we deduce the inequality (2.7). This implies that {||T n xo -y||} is a decreasing sequence of nonnegative real numbers and hence converges. So, let 0 < r(y) = lim n ||T"x 0 -j/||. For any 6 > 0, let F s = {y € F(T) : r{y) < If S > 0 is large enough, then it follows by Lemma that Fs is a nonempty bounded closed convex subset of F(T). Since X is reflexive, there exists a minimal <5* > 0 such that F$-/ </>. Hence by the strict convexity of X, it follows that Fg* is a singleton set, that is Fg* = {z}, z € X.
We claim that {T n xo} converges weakly to 2. Indeed, if this is not the case, then since X is reflexive and {T n xo} is bounded, it has a subsequence {T ni xo} converging weakly to m / 2. By the hypothesis w e F(T). Now, since X satisfies Opial's condition, we have
contradicting the minimality of 6*. Hence {T n xo} converges to z € F(T) weakly.
• Notice that in view of Remark 1 (i), mappings satisfying conditions (1) and (2) Since reflexive (strictly convex) Banach spaces having a weakly continuous duality mapping satisfy Opial's condition, we have the following. 
If for any XQ e K, L(xo) C F(T), then {T n xo} converges weakly to a point in F(T).
In view of the earlier remark, Corollary 3 will still be valid if we take T to be a para-nonexpansive (resp., nonexpansive) mapping. REMARK 3. If T : X -• X is a generalized, para-nonexpansive mapping, then in view of a result due to Asplund [1] and quoted in Barbu [2, Theorem 1.1, page 14], we raise the following: OPEN PROBLEM. Does there exist a strictly convex norm on X that is equivalent to the given norm |||| and that preserves the generalized paranonexpansiveness of the mapping T? If so, then can we dispense with the strict convexity of the space X in our above theorem ?
